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We study the transport through a quantum dot subject to a randomly fluctuating potential,
generated by a sequence of pulses in the gate voltage with the help of the autoregressive model. We
find that the tunneling current is multistable when the fluctuating potential with a finite correlation
time is applied before the non-equilibrium steady state is built up. The non-equilibrium stationary
current is heavily dependent on the history of the fluctuating potential during the transient period
if the potential has a finite correlation time. Furthermore, the averaged current over the path of the
fluctuating potential is a function of its strength and correlation time. Our work therefore provides
a robust theoretical proposal for the controlling of the non-equilibrium stationary current through
a quantum dot in a randomly fluctuating potential.
Introduction.-The study of the electronic transport in
mesoscopic systems is one of today’s most active research
areas in condensed matter physics. A typical current-
carrying system comprises of two electron reservoirs of
different temperatures or chemical potentials, between
which the electrons continuously flow [1]. Whether the
stationary current is uniquely determined by the tem-
peratures and chemical potentials of the reservoirs is a
fundamental problem in the quantum transport [2–8].
One of the simplest models that can carry a non-
equilibrium stationary current is the resonant level
model, typically describing the coherent transport
through a nanostructure [9], e.g., a quantum dot
made from the semiconductor heterostructure. In the
wide band limit, the tunneling current I as a func-
tion of the voltage bias V is well known to be I =
(Γ/pi) arctan[V/(2Γ)] at zero temperature [10], indepen-
dent of the initial conditions, where Γ denotes the level
broadening. In recent years, the transport through
nanostructures subject to time-dependent potentials,
called the driven quantum transport, attracted much at-
tention [11–21]. In these studies, a deterministic driv-
ing, especially a time-periodic one, is used, in which the
Keldysh formalism, the Floquet approach, or the trans-
fer matrix approach can be applied (see Ref. [12] for a
review of methods). However, little is known about the
non-equilibrium stationary current when the level posi-
tion of a quantum dot fluctuates randomly in time, which
can be caused by the interactions between the electrons
in the dot and the phonons in the environment [22] or by
a manually generated fluctuating potential.
The effect of the electron-phonon interaction on the
electron transport has been discussed recently by several
authors [6–8, 23], while there is still controversy on the
existence of the multistability of the stationary currents.
An ab-initio consideration of the electron-phonon inter-
action is theoretically difficult. An alternate way is to
study the dot in a fluctuating potential which emerges as
tracing out the environmental degrees of freedom, a way
generally employed in studying the dynamics of an open
classical system, e.g., the Brownian motion [24].
A fluctuating level can also be implemented manually
by generating a sequence of pulses in the gate voltage
controlling the level position. We realize the sequence of
pulses with the specified statistics by the autoregressive
model [25], a representation of a type of random process,
which has been frequently discussed in the time-series
analysis and widely used in the case when uncertainty
dominates, e.g., in nature and in econometrics [26].
In this letter, we find that the fluctuating potential
at the resonant level leads to the multistability of the
stationary current which depends on the history of the
potential (i.e., the trajectory of the potential in course of
time) during the transient period. Our results show that
the current through the resonant level model depends not
only upon the parameters of the reservoirs, but also upon
the way of reaching the non-equilibrium steady state. At
the same time, our results provide a new perspective of
controlling the tunneling current through a quantum dot,
serving as a candidate for the single electron transistor
in future integrated circuits [27].
Formalism.-We consider a quantum dot with a fluctu-
ating potential Vg(t) applied to the level, which is coupled
to two semi-infinite leads labeled by L and R, with the
chemical potentials µL and µR, respectively. The voltage
bias is V = µL − µR. The total Hamiltonian is written
as
Hˆ(t) = HˆL + HˆR + Hˆd(t) + HˆV (t), (1)
where HˆL = −g
∑−2
j=−∞
(
cˆ†j cˆj+1 + h.c.
)
and HˆR =
−g
∑∞
j=1
(
cˆ†j cˆj+1 + h.c.
)
describe the left and right
leads respectively with g the hopping amplitude and
cˆj the electron annihilation operator at the site j,
Hˆd(t) = Vg(t)cˆ
†
0cˆ0 the fluctuating level and HˆV (t) =
2gc(t)
(
cˆ†−1cˆ0 + cˆ
†
1cˆ0 + h.c.
)
the coupling between the level
and two leads. The coupling gc(t) = gcθ(t) is switched on
at the initial time t = 0. At t < 0, two leads are at their
own equilibrium states, and the potential Vg(t < 0) =∞
so that there is no electron at the level. And Vg = 0 de-
notes the resonant position, where the level broadening
is known to be Γ = 2g2c/g [28]. We take the wide band
approximation by setting g = 10gc.
At t = 0, the fluctuating potential is switched on,
simulated by the famous autoregressive model [26] of a
stochastic process:
Vg(t+∆t) = φVg(t) +RWt, (2)
where 0 ≤ φ < 1 is a parameter, Wt a white noise with
the standard normal distribution and R the strength of
the fluctuation. ∆t denotes the time step and is set to be
much smaller than the time scale over which the system
changes significantly. The autoregressive model has been
intensively studied in the time-series analysis with the
average of Vg(t) being zero and the autocovariance be-
ing 〈Vg(t1)Vg(t2)〉 = R
2/(1−φ2)exp(−|t2− t1|/τ), where
the correlation time is defined as τ = −∆t/ lnφ. The
fluctuating potential satisfying Eq. (2) is featured by its
stationarity and exponentially decaying two-time corre-
lation.
The main quantity we are interested is the tunneling
current,
I(t) = −gc
(
Im〈cˆ†−1(t)cˆ0(t)〉+ Im〈cˆ
†
0(t)cˆ1(t)〉
)
, (3)
which is the averaged current of the left and right leads
and the expectation value is done to the initial state. Due
to the presence of a time-dependent potential, it is im-
possible to solve it analytically. We solve it numerically
by the excitation operator method [29], which is accurate
and efficient in obtaining both the transient and station-
ary currents with a time-dependent Hamiltonian (See the
details of the method in the supplementary materials).
The current depends on the potential Vg(t), a stochas-
tic time series, in which the noise term Wt is created by
a random number generator. For the given parameters
R and τ , the potential Vg(t) is generated for statisti-
cally significant number of times (more than one thou-
sand times) to study the average and the standard de-
viation of the current. A stationary current Ii in the
i-th simulation is calculated for each simulation of Vg(t).
The averaged current is obtained as a path ensemble av-
erage on the total number of simulations N , i.e., I =
limN→∞(1/N)
∑N
i=1 Ii, and similarly the standard devi-
ation of current σI = limN→∞(1/N)
√∑N
i=1(Ii − I)
2.
History-dependent stationary current.-After the cou-
pling between leads and the level is switched on at t = 0,
the current experiences a transient period before relaxing
to its stationary value. The turn-on and turn-off times of
the fluctuating potential are denoted by ti and tf in the
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FIG. 1. The evolution of the current after the coupling be-
tween leads and the level is switched on in the presence of
different fluctuating potentials, compared with that of no fluc-
tuating potentials (solid line). We illustrate the case with a
potential of a white noise (τ = 0) applied in arbitrary (shorted
as arb.) time (solid circle), and the one with an arbitrary po-
tential switched on at ti = 4/Γ larger than the relaxation time
of currents (empty circle). They both coincide with the I − t
curve of Vg(t) = 0. However, a fluctuating potential with a
finite correlation time switched on during [0, 2/Γ] significantly
suppresses the current. The correlation time is τ = 0.002/Γ
(short dashed line), and τ = 0.008/Γ (long dashed line), re-
spectively. And the voltage bias and the strength of fluctu-
ation are set to 5Γ in all of the above simulations except for
Vg(t) = 0.
following, respectively. We find that applying a fluctu-
ating potential during the transient period will drive the
system into a non-equilibrium steady states (NESS) of
a suppressed stationary current, distinguished from that
of no fluctuating potentials (i.e., Vg(t ≥ 0) ≡ 0). And
the suppressed current survives even after the fluctuat-
ing potential is closed after a certain time (see Fig. 1).
The suppressed stationary current depends on two crit-
ical conditions. First, the fluctuating potential must be
applied before the system relaxes to its steady state, i.e.,
ti must be smaller than the relaxation time of the cur-
rents. The current is inactive to any fluctuating poten-
tials once the steady correlation is built between the level
and leads (see the solid circle in Fig. 1, which coincides
with the I − t curve for Vg = 0). We find that, to control
the NESS, one should drive the system before it reaches
the steady state but not after. Second, the correlation
time of Vg must be finite. As τ → 0, i.e., Vg becomes a
white noise, the stationary current is totally ignorant to
the fluctuating potential (see the empty circle in Fig. 1),
which can be understood as follows. The evolution op-
erator for a given path of Vg(t) from ti to tf can be
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FIG. 2. A scatter plot of the fluctuations of the stationary
current I and the electron density nd around their means.
The voltage bias is set to V = 5Γ. The fluctuating potential
Vg(t) is applied during [0, 1/Γ] with the correlation time being
τ = 0.002/Γ and the strength being R = 5Γ. The cross
“×” represents the stationary current and electron density at
Vg(t) ≡ 0.
factorized into a series of unitary operators,
Uˆ [Vg(t)] =
n∏
j=1
Uˆ(tj , tj−1), (4)
where t0 = ti, tn = tf , and tj − tj−1 = ∆t. If Vg(t) is
a white noise, the values of Vg(t) at different times are
independent to each other and then the average of the
evolution operator over different paths of Vg(t), defined
as ˆ¯U =
∫
D[Vg(t)]p[Vg(t)]Uˆ [Vg(t)], is found to be
ˆ¯U =
∫ n∏
j=1
dVg(tj)p(Vg(tj))Uˆ (tj , tj−1), (5)
where p[Vg(t)] denotes the probability of a path. As
∆t → 0, we have Uˆ(tj , tj−1) ≈ 1 − iHˆ(tj)∆t. Then
Eq. (5) gives ˆ¯U = Uˆ [Vg(t) = 0], indicating that the evo-
lution of the system in the presence of a white noise is
exactly the same as that without any noise.
The stationary current in the presence of a fluctuat-
ing potential satisfying the above two conditions depends
upon the history of Vg(t). We then estimate the statistics
of the stationary current by simulating Vg(t) for the given
R and τ for many times. In Fig. 2, we show the scatter
plot of the fluctuations of both the current and the elec-
tron density nd = limt→∞〈cˆ
†
0(t)cˆ0(t)〉 at the level around
their means. It is obvious that the stationary current
distributes in a wide range with an upper limit equal to
the current without fluctuating potentials. The current
is substantially related to the electron density, indicated
by the bell shape of the cloud. The more the electron
density nd deviates from 0.5, the less the current is. The
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FIG. 3. [Left panel] The averaged current I and the stan-
dard deviation of current σI as a function of the strength of
fluctuation R in Vg(t). The correlation time of Vg(t) is set
to τ = 0.002/Γ. [Right panel] I and σI as a function of the
correlation time τ of Vg(t). The strength of fluctuation is set
to R = 5Γ. In both figures, the voltage bias is V = 5Γ, and
the potential Vg(t) is switched on during [0, 1/Γ]. The solid
line connecting the symbols serves as a guide for the eyes.
suppressed current in the presence of a fluctuating po-
tential is then attributed to the temporary deviation of
the level from the resonant position, which causes the
off-resonance effect accompanied by nd deviating from
0.5.
The non-equilibrium stationary current depends on the
history of the fluctuating potential with a finite correla-
tion time applied during the transient period, i.e., the
tunneling current is multistable. The maximal current is
obtained when there is no fluctuating potential or the
fluctuating potential is a white noise. It is worth of
mentioning that the multistability of the tunneling cur-
rent found here should be distinguished from the non-
uniqueness of the NESS in the dc transport [2], resulting
from that the levels of the bound states are outside the
conduction bands of the leads. Since the central level in
our model is at the resonant position, and the fluctuation
of the level is always inside the conduction bands.
Controlling of the non-equilibrium stationary current.-
Finally, we address the effects of the strength of the fluc-
tuation (R), the correlation time (τ), and the turn-on
(ti) and turn-off time (tf ), on the average and standard
deviation of currents. By studying the relation between
the parameters of the stochastic time series and currents,
we find different ways in controlling the non-equilibrium
stationary current.
The strength of fluctuation R represents how far the
level deviates from the resonant position temporarily,
since the variance of Vg(t) is R
2/(1−φ2). AsR increasing,
the central level temporarily moves to a position further
away from the resonant point, suppressing the current
more due to the off-resonance effect (see Fig. 3).
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FIG. 4. [Left panel] The averaged current and the standard
deviation of current as a function of the turn-on time ti of
Vg(t). The voltage bias is set to V = 5Γ. The strength, the
correlation time, and the lasting time of Vg(t) are set to R =
5Γ, τ = 0.002/Γ, and tf−ti = 1/Γ, respectively. [Right panel]
The top right is the current as a function of the voltage bias in
the presence of a fluctuating potential (the solid circle, labeled
by I) with τ = 0.002/Γ and R = 5Γ switched on during
the period [0, 1/Γ], compared with that without fluctuating
potentials (the empty circle, labeled by Imax). The latter
coincides well with the function I = (Γ/pi) arctan[V/(2Γ)] in
the wide band limit (the solid line). The bottom right shows
the percent of the current reduction, i.e., the ratio of ∆I =
Imax − I to Imax. The other line connecting the symbols
serves as a guide for the eyes.
The standard deviation of current, approximately
equal to the deviation of the averaged current from its
maximum (Vg(t) = 0), however, increases with R. The
standard deviation is zero if and only if the current
reaches its maximum, i.e., there is no fluctuating po-
tential. The scatter plot of (I, nd) has the bell shape
(see Fig. 2). For small R, the deviation of the current
from its resonant value is small, so that the points in the
scatter plot accumulate around the cross (tested, but not
shown in the figure). Then the averaged current is close
to its maximum and its standard deviation is small. As R
increasing, the points in the scatter plot diffuse into two
wings of the cloud, then the standard deviation increases,
while the averaged current is reduced.
The correlation time τ represents how fast the fluctu-
ating potential oscillates. In the white noise limit, the
potential oscillates too fast so that it cannot be felt by
the electrons moving in it, and then the current does not
reduce as we analyze above. Increasing τ will increase
the life of a temporary level that deviates from the res-
onant position and then suppress the current by the off-
resonance effect. The averaged current should then de-
crease as the correlation time τ of Vg(t) increasing, as we
see in Fig. 3. Increasing either R or τ will strongly sup-
press the averaged current. At R = 20Γ for τ = 0.002/Γ
or τ = 0.01/Γ for R = 5Γ, the current reduces only to be
30% of its maximum. A fluctuating potential can thus
be a candidate of suppressing the tunneling current.
Our results then provide a possible explanation on the
reduced current in the transport through quantum dots
due to the temporary deviation of the level from the reso-
nant position by a fluctuating potential. The suppression
of the Kondo resonance [30] provides another example,
in which the fluctuating potential comes from the fluc-
tuations of the charges in the dot exerting forces to the
electrons moving through it.
Finally we clarify the effects of the turn-on time ti
on the current. In addition to the first condition for
the suppressed current, that is, the fluctuating potential
must be applied before the system relaxes to its steady
state, we find that the most efficient way of changing the
non-equilibrium stationary current is to apply the fluctu-
ating potential at the time that the correlation between
leads and the level begins to build. Increasing the turn-
on time will gradually raises the averaged current to its
maximum, at the same time decreasing the standard de-
viation of current (see Fig. 4).
The averaged current as a function of voltage bias is
studied and compared with that of no fluctuating po-
tentials in Fig. 4. In the absence of fluctuating poten-
tials, the I − V curve coincides well with the function
I = (Γ/pi) arctan[V/(2Γ)] in the wide band limit. A fluc-
tuating potential significantly suppresses the current, but
keeps the shape of the I−V curve invariant. The percent
of the current reduction keeps finite in the range of the
voltage bias (see the bottom right panel of Fig. 4), show-
ing that the fluctuating potential suppresses the current
both in the linear response regime and beyond it.
Experimental proposal.-We now show that the quan-
tum dot device made of the metal surface electrodes on
a heterostructure [27] is a potential candidate for ob-
serving the predicted suppression of the tunneling cur-
rent when the dot is subject to a randomly fluctuating
potential. Our model describes qualitatively the trans-
port through a quantum dot tuned into the Coulomb
blockade regime, where the level spacing in the dot is
much larger than the level width Γ such that only a sin-
gle level is used to shuttle the electrons. In experiments,
the fluctuating potential Vg can be controlled by the gate
voltage V˜g, satisfying Vg = αV˜g with α measured in the
experiment [31]. The gate voltage should first be ad-
justed to sufficiently negative so that the quantum dot
pinches off. Then the gate voltage is tuned to the reso-
nant value corresponding to a conductance peak. At the
same time, a sequence of pulses generated according to
V˜g(t + ∆t) = φV˜g(t) + R˜Wt is applied to the gate volt-
age with the parameters φ = exp(−∆t/τ) and R˜ = R/α.
And the pulse length ∆t should be much smaller than
1/Γ, where the level width Γ can be determined by mea-
suring the width of the conductance peak. The current
5in the presence of short pulses can be measured by using
the techniques in excited-state spectroscopy [32]. The
measured tunneling current as a function of the param-
eters R and τ is expected to qualitatively coincide with
Fig. 3.
Conclusions.- In summary, we have investigated the ef-
fect of the manually generated fluctuating potential sim-
ulated by the autoregressive model on the tunneling cur-
rent. Our results predict that the fluctuating potential
with a finite correlation time, when applied before the
non-equilibrium steady state is built up, efficiently sup-
presses the stationary current through a resonant level.
The suppression of the current is attributed to the off-
resonance effect due to the correlation between the sta-
tionary current and the electron density at the level. The
off-resonance effect is caused by the temporary deviation
of the level from the resonant position, and happens both
in the linear response regime and beyond it. After the
fluctuating potential is withdrawn and the level returns
to the resonant position, the stationary current will not
recover its resonant value. Our results show that the sta-
tionary current heavily depends on the history of the fluc-
tuating potential during the transient period, and thus
provide an efficient way of controlling the NESS without
changing the temperatures and chemical potentials of the
reservoirs.
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SUPPLEMENTARY MATERIAL
METHOD
We employ the numerical excitation operator
method [29] to calculate the tunneling current I(t) and
its stationary value I = limt→∞ I(t). The numerical
method is described as follows.
The current is expressed as
I(t) = −gc
(
Im〈cˆ†−1(t)cˆ0(t)〉+ Im〈cˆ
†
0(t)cˆ1(t)〉
)
, (6)
where the brackets denote the expectation value to the
initial state. At the initial time t = 0, the two leads are
in their own equilibrium states respectively and they are
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FIG. 5. The currents calculated by the numerical excitation
operator method at different M . The potential is Vg(t) = 0
and the voltage bias is V = 5Γ. Taking M = 5000 is enough
for obtaining the high precision stationary current, since in-
creasing M further to 9000 will not significantly change the
result. The relative difference of the currents at M = 5000
and M = 9000 is found to be less than 10−5.
both decoupled to the level which is empty. To obtain
I(t), we first calculate the field operators cˆ†−1(t), cˆ0(t) and
cˆ†1(t) in the Heisenberg picture and then their expectation
values.
The field operators satisfy the Heisenberg equation
d
dt
cˆ†j(t) = i[Hˆ, cˆ
†
j(t)]. Its solution is supposed to be
cˆ†j(t) =
∑
k
Wjk(t)cˆ
†
k. (7)
Because cˆ†j(t+∆t) = e
iHˆ∆tcˆ†j(t)e
−iHˆ∆t, we obtain
∑
k
Wjk(t+∆t)cˆ
†
k
=
∑
k
Wjk(t)
(
cˆ†k + i∆t[Hˆ, cˆ
†
k] +
(i∆t)2
2
[Hˆ, [Hˆ, cˆ†k]]
+O(∆t3)
)
.
(8)
The small time step ∆t is taken, and thus, the terms
O(∆t3) can be neglected. Wjk(t + ∆t) can also be ex-
pressed as a linear function of Wjk(t):
Wjk(t+∆t) =Wjk(t) + i∆t
∑
l
Wjl(t)Glk
−
∆t2
2
∑
l,m
Wjl(t)GlmGmk,
(9)
where the coefficientsGkl are defined by the commutators
[Hˆ, cˆ†k] =
∑
lGklcˆ
†
l . Then the propagators Wjk(t) at an
arbitrary time are worked out by an iterative algorithm
starting from t = 0 when Wjk(0) = δj,k and moving
forward ∆t at each step. The error caused by a finite ∆t
is of the order O(∆t3), and then can be made negligible
by setting ∆t very small. One can also keep the higher
order terms of ∆t in Eq. (8). Keeping the terms in order
of O(∆t2) has been proved to be efficient for obtaining
the stationary current.
At each step, the non-zero propagators Wjk(t) are
stored and used to calculate the propagators at next
step. The number of non-zero propagators will increase
quickly. A truncation scheme is then applied so that only
a fixed number of non-zero propagators (the number is
denoted by M) with the largest magnitudes are kept.
This truncation scheme is critical for obtaining the sta-
tionary current within a reasonable computation time.
The error caused by a finite M can be made negligible
by setting M large enough. To obtain the current at the
longer time, a larger M should be chosen. The value of
M depends on the relaxation time of the current. In this
letter, setting M to several thousands is enough for ob-
taining the high precision stationary current (see Fig. 5).
